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Probability Theory

Probability Space

(Q, H,P)
A

Set of outcomes o-algebra of events Probability measure

Foundations of the Theory of Probability, Andrei N Kolmogorov, 1933.
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Is Probability Theory All We Need?

Ice Cream Sales vs Beach Accidents
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Is Probability Theory All We Need?

Rain and Plant Growth
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Is Probability Theory All We Need?

Is Moderate Drinking Good For Health?

Moderate drinking not better for health
than abstaining, analysis suggests

Scientists say flaws in previous research mean health
benefits from alcohol were exaggerated

For the regular boozer it is a source of great comfort: the fat pile of studies

that say a dailx tiBBIe is better for a longer life than avoiding alcohol
comEIetelz.
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Is Probability Theory All We Need?

Is Moderate Drinking Good For Health?

Moderate drinking not better for health
than abstaining, analysis suggests

Scientists say flaws in previous research mean health
benefits from alcohol were exaggerated

For the regular boozer it is a source of great comfort: the fat pile of studies

that say a dailx tiBBIe is better for a longer life than avoiding alcohol
comEIetelz.

But a new analysis challenges the thinking and blames the rosy message on
flawed research that compares drinkers with people who are sick and sober.

Scientists in Canada delved into 107 published studies on people’s drinking
habits and how long they lived. In most cases, they found that drinkers were
compared with people who abstained or consumed very little alcohol,
without taking into account that some had cut down or quit through ill
health.
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Why is Causality Important?

Evaluation of Policy / Drug / Business Strategy
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Why is Causality Important?

Image Classification
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Why is Causality Important?

Large Language Models

Tutorial

Causality for Large Language Models

Zhijing Jin - Sergio Garrido
West Ballroom A

( Abstract ] ( Join Zoom pwd: canstomb ]

Tue 10 Dec 9:30 a.m. PST — noon PST (Bookmark)
Please do not share or post zoom links
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Manipulation is at the heart of Causality
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Statistical model
Causal model
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We are interested in what happens to a system, when we intervene on a
sub-system.

Schélkopf, Locatello, Bauer, Ke, Kalchbrenner, Goyal and Bengio, Towards Causal
Representation Learning, 2021.
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Existing Frameworks

Structural Causal Models (SCMs) Potential Outcomes
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Causality, Pearl, Cambridge University Press, 2009

Elements of Causal Inference, Peters, Janzing and Scholkopf, MIT Press, 2017

Causal Inference for Statistics, Social, and Biomedical Sciences: An Introduction, Rubin and
Imbens, Cambridge University Press, 2015
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Limitations of Existing Frameworks
e Latent confounding
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Limitations of Existing Frameworks

e Latent confounding
U
e Cyclic causal relationships
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Limitations of Existing Frameworks

e Latent confounding
U
e Cyclic causal relationships

e Continuous-time stochastic processes
2
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Probability vs Statistics

Data Probability Theory
Generating |, 1 Data
Process Statistics
Causal Data Causality .
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Probability vs Statistics

Data Probability Space
Generating |, ’| Data
Process Linear models,
Gaussian assumption,...
Causal Data Causality .
Generating |, 1 Data
Process Causal Inference
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Probability vs Statistics

Data Probability Space
Generating |, 1 Data
Process Linear models,
Gaussian assumption,...
Causal Data Causality .
Generating |, 1 Data
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Probability vs Statistics

Data Probability Space

Generating |, ’| Data

Process Linear models,

Gaussian assumption,...
Causal Spaces

Causal Data (Our Contribution) .
Generating |, l Data

Process SCMs

Potential Outcomes, ...
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Notations

e For aset T, we denote its power set by P(T).
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¢ Product measurable space with index set T:
(2, H) = (XteTEt, ®teTEt).

Hs: sub-o-algebra of 3 corresponding to
SeP(T).
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Notations

e For aset T, we denote its power set by P(T).
¢ Product measurable space with index set T:

(Q,H) = (XteTEt, ®teTEt).

Hs: sub-c-algebra of 3 corresponding to
SeP(T).

Intuition: H = Ht is the entire space. Hsis a
subspace.

e “Transition probability kernel”
Ks from (Q, Hs) into (2, H):

Ks(x,-) — [0, 1].

For every x € (Q2,Hsg), Ks(x, ) is a measure on
(Q, H).
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Notations

e For aset T, we denote its power set by P(T). . (@, 3 =3r) .
¢ Product measurable space with index set T:
(2, H) = (XteTEt, ®teTEt). Ks
Hs: sub-o-algebra of 3 corresponding to
SeP(T).
Intuition: H = Ht is the entire space. Hgisa | )
subspace.
e “Transition probability kernel” (82,3 =3r)
Ks from (Q, Hs) into (2, H): ( )
Ks(x,-) = [0,1]. @
For every x € (Q2,Hsg), Ks(x, ) is a measure on Ks
(Q, H).
Intuition: conditional distribution.
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Causal Spaces

A causal space is a quadruple (Q, H, P, K), where

(2,3, P) = (xteTEt, @1e1Et, P);

and

K={Ks:SC T},

where Kg are causal kernels,

®

®
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Causal Spaces

A causal space is a quadruple (Q, H, P, K), where
(2,3, P) = (XteTEr, ®terér, P);
and
K={Ks:SCT} Ks: (2, Hs) — (2,H)

where Kg are causal kernels,

®

®

P is the “observational distribution”.

Junhyung Park et al. Causal Spaces

(Qa H= g{T)

Ks

25 June 2025

18/34



Interventions
An intervention is the process of

® choosing a sub-c-algebra K, and
® placing any measure Q on (Q, Hy).

(Q, 3, P,K) (2,9,2,7 (Q, 3, PUo(U.Q) Kdo(U.Q))

2~ x,
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Interventions
An intervention is the process of

® choosing a sub-c-algebra K, and
® placing any measure Q on (Q, Hy).

New causal space: (Q, 3, PA(V.Q) Kdo(V.Q)) where

pe(UQ(4) = /Q(dW)KU(wvA)

(Q, 3, P,K) (2,9,2,7 (Q, 3, PUo(U.Q) Kdo(U.Q))

Ky
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Axioms of Causal Kernels

Recall that causal kernels Ks from (Q, Hs) into (Q, H) satisfy
@ forallAcH and x € Q,

Ko(x, A) = P(A);
@ forall Ac Hsand x € Q,
Ks(x,A) = 14(x).

Intuition on the axioms:
® PO (A) =P(A).
@ For A € 3y, PPWA(A) = [Q(dx)14(x) = Q(A).

(Q, %, P,K) (Q,%,7,? (Q, 3¢, PU(U.Q) gdo(U.0))

Ky
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Ice Cream Sales and Beach Accidents

InSpanisn =020 (1 1,000
Wiograms)

e Causal space: (Eice X Eacc, €ice ® Eace, P, K)'.

Reported Rip Clrrent Fatalties

Ja  Feb Mar  Apr May T J0 Awg  Sep Ot Nov Dec
Month

"Eice = Eacc = Rand &ice = acc is the Lebesgue o-algebra.
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Ice Cream Sales and Beach Accidents

InSpanisn =020 (1 1,000
Wiograms)

* Causal space: (Eice X Eacc; €ice ® €acc, P, K)1-
e P has strong correlation.

Reported Rip Clrrent Fatalties
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Ice Cream Sales and Beach Accidents

120

InSpanisn =020 (1 1,000
Wiograms)

* Causal space: (Eice X Eacc; €ice ® €acc, P, K)1-
e P has strong correlation.
e For causal kernels, let

® Kice(x,A) = P(A) for all A € €a; and
® Kic(y,B) =P(B) forall B € &ce.

Reported Rip Clrrent Fatalties

Ja  Feb Mar  Apr May T J0 Awg  Sep Ot Nov Dec
Month

"Eice = Eacc = Rand &jce = acc is the Lebesgue o-algebra.
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Ice Cream Sales and Beach Accidents
A Number of beach accidents.
| Ice cream sales.

® O
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Ice Cream Sales and Beach Accidents
A Number of beach accidents.
| Ice cream sales.
T Temperature.
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Ice Cream Sales and Beach Accidents
A Number of beach accidents.
| Ice cream sales.
T Temperature.
E Economy.
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Ice Cream Sales and Beach Accidents
A Number of beach accidents.
| Ice cream sales.
T Temperature.
E Economy.
W World.
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Ice Cream Sales and Beach Accidents
A Number of beach accidents.
| Ice cream sales.
T Temperature.

5 Q0 @
5 08 b

Recall:
e Causal space: (Eice X Eacc, ice ® Eace, P, K).
e P has strong correlation.
e For causal kernels, let

® Kice(x,A) =P(A) forall A€ €,; and
® Kacc(y,B) = P(B) for all B € &ce.
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Crop Yield and Price

¢ Causal space: (Erice Eprice;s €rice ® Eprice, P, K)z-

2Fice = Eprice = R and Eice = Eprice is the Lebesgue o-algebra.
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Crop Yield and Price

¢ Causal space: (Erice Eprice;s €rice ® Eprice, P, K)z-
* No Intervention:
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2Fice = Eprice = R and Eice = Eprice is the Lebesgue o-algebra.
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Crop Yield and Price

® |ntervention to fix rice = 3:
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Crop Yield and Price

e Intervention to fix price = 6:

—1(x—4)? dx

1
Korice (6, B :/—e
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Crop Yield and Price
Rice = fice(Price, Urice), Price = fyrice(Rice, Uprice)-
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1-dimensional Brownian Motion

2
1
0 0
0 1 2

0 1 2

[ay

e Causal space: (xter, Et, ®ter. &1, P, K)>.

3Foreacht € Ry, E; = R and &; is the Lebesgue o-algebra.
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1-dimensional Brownian Motion

[ay

2

P

0

1 2

0 1 2

e Causal space: (xter, Et, ®ter. &1, P, K)>.
e Pis the Wiener measure.

3Foreacht € Ry, E; = R and &; is the Lebesgue o-algebra.
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1-dimensional Brownian Motion

2
1
0 0
0 1 2

0 1 2

[ay

e Causal space: (xter, Et, ®ter. &1, P, K)>.
e Pis the Wiener measure.

Past values affect the future, but future values do not affect the past.

3Foreacht € Ry, E; = R and & is the Lebesgue o-algebra.
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e overcome long-standing limitations of existing frameworks, for example,

¢ |atent confounders,
® cyclic causal relationships,

® continuous-time stochastic processes.
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® We hope that causal spaces can play the same role as probability spaces for

causality.
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® We hope that causal spaces can play the same role as probability spaces for

causality.

e Our view is that SCMs and potential outcomes are valuable tools to specify a
causal space.

Junhyung Park et al.

Causal Spaces

25 June 2025

31/34



Not covered in this talk

e Causal effect [1].
e Sources & identifiability [1].
e Causal stochastic processes [1].

[11 A Measure-Theoretic Axiomatisation of Causality, P., Buchholz, Schélkopf and
Muandet, NeurlPS 2023

[2] Products, Abstractions and Inclusions of Causal Spaces, Buchholz*, P.* and Schélkopf,
UAI 2024
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Not covered in this talk

Causal effect [1].

Sources & identifiability [1].
Causal stochastic processes [1].
Multiple causal spaces [2].
Causal independence [2].

[11 A Measure-Theoretic Axiomatisation of Causality, P., Buchholz, Schélkopf and
Muandet, NeurlPS 2023

[2] Products, Abstractions and Inclusions of Causal Spaces, Buchholz*, P.* and Schélkopf,
UAI 2024
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Not covered in this talk

Counterfactuals
e Counterfactuals [3].
e Fundamental Theorem of Causality [3].
® Independence and Synchronisation of counterfactual worlds [3].

Trump Tariffs Cause Global
Market Meltdown

Change in major stock market indices since Trump's
inauguration (vs. closing prices on Jan. 17, 2025)
=USA =UK =China =Canada = Japan

Europe

&

7.4

statista%

[3]1 Counterfactual Causal Spaces and the Fundamental Theorem of Causality, P., Yang
and Icard, to be submitted soon.
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Thank you.
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